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Jèma 1o
'Estw o daktÔlioc (Zm,+, ·), ìpou m ∈ Z+.

(A) ApodeÐxte pwc ta antistrèyima stoiqeÐa tou Zm apoteloÔn pol-
laplasiastik  om�da.

(B) 'Estw x ∈ Z sqetik� pr¸toc me to m. Na deÐxete ìti xϕ(m) = 1(
mod m).

(G) BreÐte stoiqeÐo k thc om�dac (Z17,+) t.w. k�je stoiqeÐo tou Z17 na
eÐnai pollapl�sio tou k.

Jèma 2o

(A) 'Estw f : (A, •) → (B, ?) omomorfismìc om�dwn. ApodeÐxte ìti h
antÐstrofh eikìna upoom�dac thc B, mèsw tou f , eÐnai upoom�da thc A.

(B) 'Estw (GL(n, R), ·) h pollaplasiastik  om�da twn n×n antistrèy-
imwn pin�kwn me stoiqeÐa apì to R. Na apodeÐxete pwc h apeikìnish thc
orÐzousac D : (GL(n, R), ·) → (R∗, ·) eÐnai omomorfismìc om�dwn. BreÐte ton
pur na ker D kai deÐxte ìti GL(n, R)� ker D ∼= R∗.

(G) 'Estw (A,+, ·) akèraia perioq . ApodeÐxte pwc h dom  (A,+, ·) eÐnai
s¸ma, an to A eÐnai peperasmèno.

(D) ApodeÐxte ìti ta s¸mata twn migadik¸n kai pragmatik¸n arijm¸n
den eÐnai isìmorfa.

Jèma 3o

(A) 'Estw (R,+, ·) daktÔlioc kai I, J ide¸dh autoÔ. Na deÐxete ìti to
I ∩ J eÐnai ide¸dec tou R.

(B) 'Estw R monadiaÐoc kai antimetajetikìc daktÔlioc, λ ∈ R, f(x) ∈
R[x]. ApodeÐxte ìti
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(1) to upìloipo thc diaÐreshc tou f(x) me to x− λ isoÔtai me f(λ).

(2) to λ eÐnai rÐza tou f(x) an kai mìno an to x− λ diaireÐ to f(x).

(G) 'Estw to polu¸numo f(x) = x196−38x102−120x65+79x56+31 ∈ Z[x].
ApodeÐxte ìti den up�rqei q(x) ∈ Z[x] t.w. f(x) = (x− 12)q(x).

Sunoptikèc Apant seic Jem�twn

Jèma 1o

(A) 'Estw Um to sÔnolo twn antistrèyimwn stoiqeÐwn tou Zm. IsqÔei
ìti x ∈ Um ⇔ µκδ(x,m) = 1.

• h prosetairistikìthta isqÔei

• to 1̄ ∈ Um oudètero stoiqeÐo

• an x ∈ Um, tìte x−1 ∈ Um(antÐstrofo)

• an x, y ∈ Um, tìte xy ∈ Um(kleistìthta)

'Ara Um eÐnai pollaplasiastik  om�da.

(B) H sun�rthsh tou Euler ϕ(m) metr�ei to pl joc twn jetik¸n akeraÐwn
pou eÐnai sqetik� pr¸toi me to m kai mikrìteroi   Ðsoi tou m. 'Ara |Um| =
ϕ(m). Sunep¸c gia x ∈ Z me µκδ(x,m) = 1 ⇔ x ∈ Um èqoume ìti xϕ(m) = 1(
mod m).

(G) Ousiastik� jèloume ènan genn tora thc (Z17,+). EÐnai κ = 1̄.
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Jèma 2o

(A) 'Estw K ≤ B. ArkeÐ n.d.o. gia k�je a, x ∈ f−1(K) isqÔei ax−1 ∈
f−1(K). 'Estw tuqaÐa a, x ∈ f−1(K). Tìte f(a), f(x) ∈ K. Epeid  K ≤ B
kai f omomorfismìc èqoume ìti

f(a)[f(x)]−1 = f(ax−1) ∈ K ⇒ ax−1 ∈ f−1(K)

.

(B) Apì th Grammik  'Algebra xèroume ìti Det(AB) = Det(A)Det(B),
opìte h D eÐnai omomorfismìc. EÐnai ker D = {A ∈ (GL(n, R), ·) : D(A) = 1}.
'Eqoume ìti Im(D) = R∗, �ra apì to 1o Je¸rhma Isomorfism¸n prokÔptei
to zhtoÔmeno.

(G) 'Estw A peperasmèno kai A = {0, 1, a1, . . . , an}. Prèpei n.d.o. k�je mh
mhdenikì stoiqeÐo tou A eÐnai antistrèyimo. To 1 eÐnai antistrèyimo. 'Estw
a ∈ A r {0, 1}. Lìgw twn nìmwn thc diagraf c pou isqÔoun se akèraiec
perioqèc prèpei k�poio apì ta ginìmena aa1, . . . , aan na isoÔtai me 1, dhlad 
to tuqaÐo a eÐnai antistrèyimo. Sunep¸c A s¸ma.

(D) 'Estw ìti eÐnai isìmorfoi. Dhlad  up�rqei isomorfismìc f : C → R.
IsqÔei ìti [f(i)]2 = f(i2) = f(−1) = −f(1) = −1, to opoÐo eÐnai �topo, diìti
f(i) ∈ R.

Jèma 3o

(A) H tom  upoom�dwn eÐnai upoom�da. Epomènwc (I∩J,+) eÐnai abelian 
om�da. 'Estw r ∈ R kai u ∈ I ∩ J . Tìte u ∈ I kai u ∈ J . AfoÔ ìmwc I, J
ide¸dh ru, ur ∈ I kai ru, ur ∈ J , opìte ru, ur ∈ I ∩ J , pou shmaÐnei ìti to
I ∩ J eÐnai ide¸dec.
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(B)

(1) H tautìthta thc diaÐreshc eÐnai f(x) = (x− λ)q(x) + r(x) ìpou to
r(x) eÐnai stajerì. 'Ara r(x) = r kai èqoume ìti f(λ) = r.

(2) (EujÔ) An to λ eÐnai rÐza tou f(x), tìte apì to (1) prokÔptei ìti
r = f(λ) = 0, dhlad  to (x− λ) diaireÐ to f(x).
(AntÐstrofo) An f(x) = (x− λ)q(x). Tìte profan¸c f(λ) = 0.

(G) Ja efarmìsoume apagwg  se �topo. 'Estw ìti up�rqei q(x) ∈ Z[x] t.w.
f(x) = (x − 12)q(x). Tìte ja up�rqei an�lush tou f(x) ston Q[x] se dÔo
polu¸numa me bajmoÔc 1 kai bajmì Ðso me tou q(x). 'Ara to f(x) èqei rÐza
sto Q kai kat' epèktash kai sto Z. Apì thn an�lush f(x) = (x−12)q(x), to
12 eÐnai rÐza tou f(x) pou prèpei na diareÐ ton stajerì tou ìro, to 31, �topo.


